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I n  t h i s  work th e  G a u ss ian  th e o ry  o f  c o m p o s i t io n  o f  
b in a r y  q u a d r a t i c  forms i s  s t u d i e d  i n  an a t te m p t  to  d i s ­
c o v e r  t h e  s t r u c t u r e  o f  c e r t a i n  c l a s s  g ro u p s  o f  p r i m i t i v e  
b in a r y  q u a d r a t i c  fo rm s. I n  t h e i r  a r t i c l e  1 'M odules and 
B in a ry  Q u a d ra t ic  F o rm s '1 [ 2 ] ,  H. S. B u t t s  and Gordon P a l l  
d e s c r ib e  th e  a b e l i a n  sem igroup j  o f  p r i m i t i v e  c l a s s e s  
o f  b in a r y  q u a d r a t i c  form s w i th  d i s c r i m in a n t s  i n
p
Jb = (dQs | s  = 1 ,2 ,  • • • )  , w here dQ i s  a  fu n d am en ta l
d i s c r i m i n a n t .  The sem igroup J  can  be p a r t i t i o n e d  i n t o
subg roups  c o n s i s t i n g  o f  t h e  p r i m i t i v e  c l a s s e s  o f  each
d i s c r i m in a n t  d i n  & . The subgroup o f  p r i m i t i v e  c l a s s e s
o f  d i s c r i m i n a n t  d e & w i l l  be  d en o ted  by q,^ , and 1^
w i l l  d en o te  th e  p r i n c i p a l  c l a s s  o f  .
The mapping h:c- 2  ^ d  define<i by h (c ) = C * I d ,
ds
th e  p ro d u c t  u n d e r  co m p o s it io n  o f  C and I d ,  d e f in e s
a  homomorphism o f  c, 0 o n to  (V, [ 2 ,  p .  2 6 ] .  The
ds a
iv
r e s u l t s  g iv e n  i n  C h ap te r  I I  d e te rm in e  th e  s t r u c t u r e  o f
t h e  k e r n e l  o f  th e  homomorphism h:<3 0 • Thus i f
d s " -  a
t h e  s t r u c t u r e  o f  t h e  group Q, 0 i s  known, th e n  th e
d sd
s t r u c t u r e  o f  i s  d e te rm in e d  s in c e  <3 , «  fl. o / ^ e r  (h)
a a d sd
A more c h a l l e n g in g  q u e s t io n  i s  w h e th e r  th e  s t r u c t u r e  o f
<3 2  i s  d e te rm in e d  i f  th e  s t r u c t u r e  o f  i s  known,
ds
A lth o u g h  t h i s  q u e s t io n  was n o t  c o m p le te ly  s e t t l e d ,  
Theorem 3 .4  does g iv e  an a f f i r m a t i v e  answ er i n  c a se  th e  
group <3^  has  a  s i n g l e  c l a s s  i n  ea ch  g en u s .
INTRODUCTION
The p rob lem  i n v e s t i g a t e d  i n  t h i s  t h e s i s  i s  t h a t  o f  
th e  s t r u c t u r e  o f  t h e  c l a s s  group i n  an  a r b i t r a r y  q u a d r a t i c  
o r d e r .  The m ethods u sed  a r e  m a in ly  s p e c i a l  c a s e s  o f  
G au ss ia n  c o m p o s i t io n  by means o f  s u i t a b l e  b i l i n e a r  su b ­
s t i t u t i o n s .  B oth  th e  p rob lem  and th e  m ethods o r i g i n a t e d  
i n  G a u s s 's  D i s q u i s i t i o n e s  A r i th m e t ic a e  (1 8 0 1 ) .  The s t r u c ­
t u r e  o f  t h e  c l a s s  group  h a s ,  a t  l e a s t  i n  th e  c a se  o f  t h e  
maximal o r d e r ,  and i n  th e  c o r r e s p o n d in g  c a s e  i n  a l g e b r a i c  
f i e l d s ,  been  o f  much i n t e r e s t  t o  m a th e m a t ic ia n s  i n  th e  
su b se q u e n t  172 y e a r s ,  w h i le  th e  m ethod o f  G a u ss ia n  com­
p o s i t i o n  has  l a n g u is h e d ,  and been  c o n s id e r e d  much to o  d i f ­
f i c u l t ,  u n t i l  i t  was r e c e n t l y  r e c o n s id e r e d  by two o f  my 
p r o f e s s o r s  a t  L .S .U . ,  H ubert S . B u t t s  and Gordon P a l l .
One o f  t h e  main f e a t u r e s  o f  i n t e r e s t  i n  t h i s  t h e s i s  i s  
how n i c e l y  G a u ss ian  co m p o s it io n  a p p l i e s  t o  th e  p rob lem , 
w h i le  t h e  a l t e r n a t i v e  methods o f  c o m p o s i t io n  by D i r i c h l e t  
and D edek ind  -  w hich have lo n g  been  c o n s id e r e d  s im p le r  -
1
TaLl. O ther  a p p l i c a t i o n s  o f  G au ss ian  c o m p o s i t io n  w i l l  
a p p e a r  i n  an a r t i c l e  i n  t h e  A c ta  A r i th m e t i c a  by Gordon 
P a l l .  An a r t i c l e  by H u b er t  B u t t s  and B i l l  D u lin  
s tu d y in g  G au ss ian  c o m p o s i t io n  i n  f a i r l y  g e n e r a l  r i n g s  
has j u s t  a p p e a re d  i n  t h e  A c ta  A r i th m e t ic a .
I t  h as  been c o n j e c t u r e d  (many t im e s ,  i t  seems) t h a t  
th e  G au ss ian  c l a s s  g ro u p s  p ro v id e  r e a l i z a t i o n s  o f  any d e ­
s i r e d  f i n i t e  a b e l i a n  g ro u p . T h is  c o n j e c t u r e  was a c t u a l l y  
proved  a  few y e a r s  ago f o r  t h e  c l a s s  g ro u p s  o f  an a r b i ­
t r a r y  a l g e b r a i c  f i e l d  by L u th e r  C lab o rn  -  a  young man who 
was k i l l e d  i n  an a u to m o b ile  a c c i d e n t  on h i s  way t o  a  p o ­
s i t i o n  a t  R ice  U n i v e r s i t y .  W hether i t  i s  t r u e  f o r  
q u a d r a t i c  f i e l d s ,  o r  p e rh a p s  q u a d r a t i c  o r d e r s ,  rem ains  u n ­
known, and i t  i s  p a r t l y  w i th  t h e  hope o f  making a p p l i c a ­
t i o n s  t o  p ro v in g  th e  c o n j e c t u r e  i n  th e  c a se  o f  q u a d r a t i c  
o rd e r s  t h a t  t h i s  t h e s i s  was i n i t i a t e d .  I t  i s  c u r io u s  t h a t ,  
a l th o u g h  Gauss was a l r e a d y  i n t e r e s t e d  i n  th e  r a t i o  o f  th e  
number o f  c l a s s e s  i n  a  q u a d r a t i c  o r d e r  t o  th e  number in  
th e  maximal o r d e r ,  t h a t  t h e  q u e s t i o n  o f  p r e c i s e l y  how th e  
s t r u c t u r e s  o f  t h e  two c l a s s  g ro u p s  a r e  r e l a t e d  has  n o t  
h i t h e r t o  been  i n v e s t i g a t e d .
CHAPTER I
We w i l l  fo l lo w  th e  t r e a tm e n t  o f  G a u ss ia n  c o m p o s i t io n  
g iv e n  by Gordon P a l l  [ 9 ] .  L e t  f ,  f ' ,  f ’ ' be i n t e g r a l  
b in a r y  q u a d r a t i c  form s w i th  n o n -z e ro  d i s c r i m i n a n t s  
d, d*, d * * and th e  v a r i a b l e s  x ^ ,  y ^ ,  z^ r e s p e c t i v e l y .
i
F u r th e r ,  t a k e  f  and f  p r i m i t i v e .  I f  t h e  b i l i n e a r  
s u b s t i t u t i o n ,
(1 . 1)
Z1 "  Pl l Xl yl  + P12xl y 2 + P21X2y l  + P22x 2y 2
z 2 "  ql l Xl y l  + ql 2 Xl y 2 + q21X2yl  + q 22X2y 2
w hich  has  m a t r ix ,
(1 . 2) M =
P11 P12 P21 P22
ql l  q12 q21 q22
makes f "  = f  f '  , th e n  f ' '  i s  a l s o  p r i m i t i v e  s in c e
th e  x i  and y^ can be ch o sen  t o  make f  f  p r im e t o
3
any d e s i r e d  i n t e g e r .  The b i l i n e a r  s u b s t i t u t i o n  ( 1 .1 )  
e x p r e s s e s  th e  l i n e a r  t r a n s f o r m a t i o n ,
( 1 .3 )
Z1 "  (p l l yl  + p 12y 2^x l  + (p 21yl  + P22y 2^x 2 
z2 = q^l l yl  + ql2 y2^Xl  + q^2 lyl  + q22y2^X2
t t
w h ich  sen d s  f  i n t o  ( f  ) f  and has d e te rm in a n t ,
( 1 .4 )  A =
p l l y l  + p 12y 2
9l l y l  + ^ 2
p21y l  + P22y 2
q 21y!  + i 22y 2
A lso ,  ( 1 .1 )  e x p r e s s e s  th e  l i n e a r  t r a n s f o r m a t i o n ,
Z1 = (p l l x l  + p 21x 2 )y l  + <P12X1 + p 22x 2>y 2
(1 -5 )
Zg — (G ^ j^ l  q21X2^y 2 ^q12Xl  "** q22X2^y 2 
w h ich  sen d s  f* ' i n t o  ( f ) f '  and has  d e te rm in a n t ,
A =
p l l x l  + p 21x 2
ql l x l  + q21x 2
P12X1 + P22X2
q12Xl  + q22X2
Let h and h denote the divisors of the forms 
A = [D, 0, D-. I. ~ and A = [D-.^ , D, u + o^2l3J123 wl 4  " "23* ,W3 4 J C“ “A “ ”  v 14 2 3 '  24
w here  D. . i s  t h e  d e te rm in a n t  o f  th e  i t h  and ,1t h  colum ns1J
o f  M . Then t h e  b i l i n e a r  s u b s t i t u t i o n  (1 .1 )  i s  G a u ss ia n
i f  A = h f  , A* = h* f* , and  M i s  p r i m i t i v e .  To say  M 
i s  p r i m i t i v e  means th e  s i x  d e te rm in a n ts  D12 ,
D23* D24 and D34 a r e  coPr im e * We c a l1  f ' ' t h e  p r o -
i
d u c t o f  f  and f  u n d e r  G a u ss ia n  c o m p o s i t io n  and w r i t e
ft t
f  = f * f
I t  i s  shown i n  [9 ]  t h a t  th e  f o l lo w in g  t h r e e  p r o p e r t i e s  
a re  e q u i v a l e n t :
( i )  M i s  p r i m i t i v e .
(1 .7 )  ( i i )  ( h , h ' )  = 1 .
( i i i )  d ' ' = ( d , d ' ) .
2
Also i n  [ 9 ]  we f i n d  t h a t  d = h* d * and d ' = h 2d ' ' so
t 11t h a t  i f  t h e  forms f ,  f  ,  f  have th e  same d i s c r i m i n a n t  
d = d* = d ' * , th e n  h = h '  = 1  and t h e  b i l i n e a r  s u b s t i -
V * *t u t i o n  ( 1 .1 )  i s  G au ss ian  i f  A = f  and A = f
F i n a l l y ,  i f  and C2 a r e  p r i m i t i v e  c l a s s e s  o f
i n t e g r a l  b in a r y  q u a d r a t i c  fo rm s , we d e f in e  th e  p r o d u c t  o f  
and  C2 u n d e r  c o m p o s i t io n  t o  be  t h e  c l a s s  o f  f^ *  f 2 
where and f 2 6 C2 * We w i l1  deno 'te  t h i s  p r o ­
d u c t by C2 . The u n iq u e n e s s  o f  t h e  p r o d u c t  c l a s s
C1* C2 i s  shown i n  [9 ]  .
I n  t h i s  p a p e r  we w i l l  d e a l  w i th  p r i m i t i v e  c l a s s e s  o f  
i n t e g r a l  b in a r y  q u a d r a t i c  form s h a v in g  d i s c r i m i n a n t s  i n  
th e  s e t  & = (d Qs 2 | s = l ,  2 , • • • ) w here dQ i s  a  fu n d am e n ta l  
d i s c r i m i n a n t .
Theorem 1 . 8 . A s s o c ia te d  w i th  any p r i m i t i v e  c l a s s e s  C-^  
and  C2 w i th  d i s c r i m i n a n t s  i n  £  t h e r e  i s  a  u n iq u e  p r i ­
m i t i v e  c l a s s  C w hich  i s  t h e i r  p ro d u c t  u n d e r  c o m p o s it io n .
2
I f  t h e  d i s c r i m i n a n t s  o f  and C2 a r e  dQs l  and
2 2 d0 s 2 , th e n  th e  d i s c r i m i n a n t  o f  C i s  dQs where
s = ( s ^ , s 2 ) . Under c o m p o s i t io n  th e  s e t  o f  a l l  p r i m i t i v e
c l a s s e s  o f  d i s c r i m i n a n t s  i n  & form an a b e l i a n  sem igroup
j  , w h ich  can  be p a r t i t i o n e d  i n t o  subgroups  c o n s i s t i n g  o f
t h e  p r i m i t i v e  c l a s s e s  o f  each  d i s c r i m in a n t  i n  Jfr . The
i d e n t i t i e s  1 ^  i n  t h e s e  su bg roups  a r e  th e  o n ly  idempo-
t e n t s  o f  sf .
P r o o f . [ 2 ,  p .  25]
We w i l l  a d o p t  t h e  n o t a t i o n  <3^  f o r  t h e  subgroup o f  
J  c o n s i s t i n g  o f  t h e  p r i m i t i v e  c l a s s e s  h av in g  d i s c r im in a n t  
d . I t  i s  th e  s t r u c t u r e  o f  t h e  groups <3d f o r  d i n  & 
t h a t  i s  i n v e s t i g a t e d  i n  t h i s  p a p e r .
Theorem 1 . 9 . The m apping h:<3 2 -♦ <3d d e f in e d  by
ds
h(C ) = C*Id maps t h e  group  (3 2 homomorphic a l l y  o n to
ds
t h e  group (3d .
P r o o f . [ 2 ,  p .  26]
Theorem 1 .1 0 .  The c l a s s  C * I , o n to  w hich  a  p r i m i t i v e
2
c l a s s  C o f  d i s c r i m in a n t  ds i s  mapped can  be c h a ra c -  * 
t e r i z e d  a s  t h e  u n iq u e  p r i m i t i v e  c l a s s  o f  d i s c r i m in a n t  d 
w hich  can  be c a r r i e d  i n t o  C by some i n t e g r a l  t r a n s f o r m a ­
t i o n  T o f  d e te r m in a n t  | s |  .
P r o o f . [ 2 ,  p .  27]
From t h i s  theo rem  we see  t h a t  i f  h:<3 0 + 0,* , th e n
, ds a
h - 1 (C) c o n s i s t s  o f  th o s e  p r i m i t i v e  c l a s s e s  w hich  a r e  d e ­
r i v a b l e  from  C by i n t e g r a l  t r a n s f o r m a t i o n s  o f  d e te r m i ­
n a n t  | s { . A lso , i t  i s  c l e a r  t h a t  th e  k e r n e l  o f  h con­
s i s t s  o f  th o s e  p r i m i t i v e  c l a s s e s  d e r iv a b le  from 1^ by 
i n t e g r a l  t r a n s f o r m a t i o n s  o f  d e te rm in a n t  | s |  .
CHAPTER I I
We b e g in  t h i s  s e c t i o n  w i th  th e  f o l lo w in g  theorem  
ab o u t  th e  forms d e r iv a b le  from a  p r i m i t i v e  form o f  d i s ­
c r im in a n t  d .
Theorem 2 . 1 . L e t  f  = [ a , b , c ]  be p r i m i t i v e ,  
b2 -  4ac s= d ^  0 . E very  form d e r iv a b le  from  f  by i n ­
t e g r a l  t r a n s f o r m a t i o n s  o f  p rim e d e te rm in a n t  p i s  e q u i ­
v a l e n t  t o  one o f  th e  p+1 fo rm s , =
f  a  = [ a p 2 , (2 a a+ b )p , a a 2+ b a+ c] ,  a =  0 ,1 ,
Too 2
f  = [ a , p b , p  c]
where Tm = [ J  ° ]  and Ta  = [ p J ]  f o r  a  = 0 ,1 ,  “ ^ p - l  . 
E x a c t ly  p -  (—) o f  th e s e  form s a r e  p r i m i t i v e .
P r o o f . [ 7 ,  p .  7 9 1 ] .
Theorem 2 . 2 . I f  i n  Theorem 2 .1 ,  f  i s  r e p la c e d  by an
Too T0 T_ —i
e q u i v a l e n t  form  g , th e  c l a s s e s  o f  g , g  , • • * , g p "
c o n s t i t u t e  a  p e r m u ta t io n  o f  th e  c l a s s e s  o f
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P r o o f .  [ 7 ,  p .  7 9 2 ] .
I n  view  o f  th e  above theo rem  we see  t h a t  th e  c l a s s e s  
d e r iv e d  from  a  g iv e n  c l a s s  - C o f  b in a r y  q u a d r a t i c  
fo rm s, a r e  p r e c i s e l y  th e  c l a s s e s  d e r iv e d  from any form 
i n  C . These c l a s s e s  n e e d  n o t  be d i s t i n c t ,  i n  f a c t ,  
th e  number o f  d i s t i n c t  p r i m i t i v e  c l a s s e s  i s ,  i f  d < 0 ,
P -  (—)
— - — E_ where o = 1 i f  d < -4  , a = 2 i f  d = -4  , a
and a = 3 i f  d = -3  [ 6 ,  p .  7 9 0 ] .
L e t  1^ d en o te  th e  p r i n c i p a l  c l a s s  o f  d i s c r i m in a n t  
d , and  f o r  th e  moment assume d = -4m w i th  m > 1 .
I n  I d s e l e c t  th e  p r i n c i p a l  form  [ l , 0 ,m ]  and c o n s id e r  
th e  p r i m i t i v e  c l a s s e s  d e r iv e d  from  [ l , 0 ,m ]  by i n t e g r a l
t r a n s f o r m a t i o n s  o f  d e te rm in a n t  p , an odd p r im e .  De-
Too Ton o te  th e s e  c l a s s e s  by [ l , 0 , m ]  , [ l , 0 ,m ]  ,
To - l• • • , [ l , 0 , m ]  v where i t  i s  u n d e r s to o d  t h a t  any lm p r i -
m i t iv e  c l a s s e s  a r e  d i s r e g a r d e d .  I n  t h i s  c a se  t h e r e  w i l l
be e x a c t l y  p -  (—) d i s t i n c t  p r i m i t i v e  c l a s s e s .  We r e -
c a l l  from  th e  d i s c u s s i o n  i n  C h a p te r  I  t h a t  th e s e  c l a s s e s
c o n s t i t u t e  th e  k e r n e l  o f  th e  homomorphism h:<3> 2 + >
dP
and th u s  form  a  group u n d e r  c o m p o s i t io n .  The c l a s s  o f
2[ l , 0 , m ]  i s  th e  p r in c ip a l ,  c l a s s  o f  d i s c r i m in a n t  dp
and thus,
T T T
( 2 .3 )  [ 1 , 0 , m] "  * [ 1 , 0 , m] a  = [ 1 , 0 , m] a  f o r
a  = 0 , 1 , • • * , p - l  .
I n  c a se  a  ^  00 and P ^  00 we m ust have
T TB T
[ l , 0 ,m ]  a  * [ l , 0 , m ]  p = [ 1 , 0,m] Y w hich  means t h e r e  i s
ty
a  G a u ss ia n  s u b s t i t u t i o n  w h ich  t a k e s  [ l , 0 ,m ]  = m
p  O
= (pz.j + Yz 2 ) + mz2 in-fco the product o f  [ l , 0 , m ]  =
= (pxj+ ax2 ) 2 + mx| and [ l , 0 , m ]   ^ = (py-j + Py2 ) 2 +
2
+ my2 • I n  an a t te m p t  t o  f i n d  th e  G a u ss ian  s u b s t i t u t i o n  
we e q u a te  th e  form f a c t o r s ,
(2 .4 )  (p x -^  ctx2+ 0x2 ) ( p y 1+ py2+ 0y2 ) = p z ^  y z 2+ 0 z2 ,
where Q = \ f -m . E q u a t in g  r e a l  and im a g in a ry  p a r t s  i n  
th e  above g iv e s  th e  f o l lo w in g  b i l i n e a r  s u b s t i t u t i o n :
( 2 .5 )  z x = p x ^  + (p -Y )x1y 2+ (a -Y )x2y 1 +
+ aP-m-Y.(a ± g I  y+ p 2y 2
z 2 = Px-j/2 + Px 2y i  + (a+P)x2y 2
w hich  i s  i n t e g r a l  i f  and o n ly  i f  Y s  (mod p )  .
I t  i s  s t r a i g h t f o r w a r d  t o  check  t h a t  th e  b i l i n e a r  su b -
T
s t i t u t i o n  ( 2 .5 )  does ta k e  th e  form [ l , 0 ,m ]  y i n t o
Ta  T8th e  product o f  the forms [ l , 0 , m ]  and [ l , 0 , m ]  p .
b’i n a l l y ,  to  sec  t h a t  ( 2 .5 )  i s  G au ss ian ,  we w r i t e  i t  a s :
( 2 .6 )  z ± = [p y 1+ (P -Y )y2 ]x 1 + [(ct-Yjy-L + ^ ~ m-Y(a+p)
z 2 = + £pyi + (°t f P )y2 ^x 2
c o n s id e r in g  i t  a s  a  t r a n s f o r m a t i o n  i n  te rm s o f  th e  x ' s  
w i th  th e  y ' s  h e ld  c o n s t a n t .  The d e te rm in a n t  o f  th e  
t r a n s f o r m a t i o n  g iv e n  i n  ( 2 .6 )  i s  th e n ,
T
( 2 .7 )  = p 2y 2 + 2ppy1y 2 + (P2+m)y2 = [ 1 , 0 , m] p .
L ik ew ise ,  i f  we c o n s id e r  th e  b i l i n e a r  s u b s t i t u t i o n  
a s  a  t r a n s f o r m a t i o n  i n  te rm s  o f  th e  y ' s  w i th  th e  x ' s  
h e ld  c o n s t a n t ,  th e n
(2.8)  zx = [Px^H- ( a - Y j X g ^  + [ (P“Y)xx + .^ ~ m~X(q±P..).. x
z 2 = tP x2l y l  + ^PX1 + (a+p)x 2^y 2
and th e  d e te rm in a n t  i s ,
T
(2 .9 )  = P2 x 2 + 2apx1x 2 + ( a 2+ m)x2 = [ l , 0 ,m ]  a  .
Thus, ( 2 .5 )  i s  a  G au ss ia n  s u b s t i t u t i o n  u n d e r  w hich
T T
[ 1 , 0 , m] Y i s  ta k e n  i n t o  th e  p ro d u c t  o f  [ l , 0 , m ]  a
t b
and [ l , 0 , m ]  p . Hence, we have shown t h a t  i n  ca se
T T T
a+P £  0 (mod p )  , [ 1 , 0 , m] a  * [ 1 , 0 , m] P = [ 1 , 0 , m] Y
where y == -a ^ ~ |  (mod p )  .
.In cuso a+P s  0 (mod p )  th e n
T T T
[ 1 , 0 , m] a  * [ 1 , 0 , m]  ^ = [ 1 , 0 , m] 00 3 t h a t  i s ,  t h e  c l a s s e s
T T8
o f  [ l , 0 ,m] a  and [ 1 , 0 , m] p a r e  i n v e r s e s  p r o v id e d
a+P s  0 (mod p )  . To see  t h i s  we s im p ly  o b se rv e  t h a t ,
( 2 . 1 0 ) z 1 -  p 2 x 1 y 1  + + p a x 2 y 1  + (ap-m )x 2 y 2
! 2  = ¥ 2  +  V i + f  y 2
i s  a  G au ss ian  s u b s t i t u t i o n  w hich  t a k e s  th e  form
1 2 2 2[ l , 0 ,mj = z^ + mp z 2  i n t o  th e  p r o d u c t  o f  th e  forms
T T
[ l , 0 ,m] a= (px-^+ ax 2 ) 2  + mx2  and  [ 1 , 0 ,m]  ^ =
P P= (py-^ + Py2 ) + iny2  . I t  sh o u ld  be n o te d  t h a t  th e  su b ­
s t i t u t i o n  ( 2 . 1 0 ) i s  o b ta in e d  i n  th e  same manner u se d  f o r
( 2 . 5 ) .
Sum m arizing th e  r e s u l t s  o f  t h i s  d i s c u s s i o n  we have ,
T Tq
( 2 . 1 1 ) [ 1 , 0 , m] a * [ l , 0 ,m] p =
Theorem 2 . 1 2 . L e t  d = -4m w i th  m > 1 . The p r i m i ­
t i v e  c l a s s e s  o f  b in a r y  q u a d r a t i c  form s d e r iv a b le  from 
t h e  p r i n c i p a l  c l a s s  o f  d i s c r i m i n a n t  d by i n t e g r a l
n  n Y v -  cxP-m [ l , 0 , m ]  , y = a+p
i f  a+P ^  0  (mod p)
T.00
[ l .O .m ]
i f  a+p ■ 0  (mod p )  .
13
t r a n s f o r m a t i o n s  o f  an  odd prim e d e te rm in a n t  p ,  form
a c y c l i c  group u n d e r  c o m p o s i t io n  h av in g  o r d e r  p -  (^ )  .
P r o o f . We have a l r e a d y  o b s e rv e d  t h a t  t h e s e  c l a s s e s  form
a  group  h a v in g  o r d e r  p -  (^ )  . Now we m ust see  t h a t
t h i s  g roup  i s  c y c l i c .  L e t I  = [ l , 0 ,m ]  so t h a t  any o f
th e  d e r iv e d  c l a s s e s  can  be e x p r e s s e d  as  th e  c l a s s  o f  
T
I  f o r  some a  = ° ° ,0 ,1 ,  • • * , p - l  . Prom fo rm u la  ( 2 .1 1 ) ,
T 2 T T T 2
[ I a ] = I a * I a = l Y where Y = a2 ~ m , and i n
g e n e r a l  we have th e  f o l lo w in g  fo rm u la ,  w i th  6 = :
( 2 .1 3 )  [ I  a ] = I  Y , w here y s  ( 0^ tD  + „ .(.a-Q) . e (mod p)
(a+0) -  (a~e )
and o f  c o u rs e  y = 00 i f  (a+ 0 )n  -  ( a - 0 )n  s  0 (mod p )  .
To v e r i f y  (2 .1 3 )  we u se  i n d u c t i o n  on *n' . I t  i s
c l e a r  t h a t  t h i s  fo rm u la  h o ld s  when n  = 2 . I f  we ta k e
T n - 1  Tq / , Q\ n - 1 , / fl\ n - l
[ I  a ] = I   ^ w here 0 s  s • 0 (mod p )  ,
(cw e)n_1 -  ( a - e ) " ^ 1
T n  T T T
th e n  e q u a t io n  (2 .1 1 )  g iv e s  [ I a ] = I a * I ^ = I Y w i th
Y s  (mod p )  . S u b s t i t u t i n g  f o r  0 g iv e s ,
Y s  ■( a+ 9) +„l a - 0 ) . q (m0(i  p )  # j h e  im p o r ta n t  t h i n g  to
(a + e )n  -  ( a - 0 )
n o t i c e  i s  t h a t  i n  t h i s  e x p r e s s io n  f o r  Y th e  d en o m in a to r  
i s  a  p o ly n o m ia l  i n  a  whose d eg ree  w i l l  be n - 1  , and 
th u s  h as  a t  m ost n - 1  r o o t s  modulo p . T h is  means t h a t
T
f o r  any n  , th e  number o f  c l a s s e s  I  a  , such  t h a t  
T n
[ I  ] i s  th e  p r i n c i p a l  c l a s s ,  i s  l e s s  th a n  n  . The 
group i s  th u s  c y c l i c  and th e  theorem  i s  p ro v e d .
We now t u r n  ou r  a t t e n t i o n  to  th o se  c l a s s e s  o f  b in a r y  
q u a d r a t i c  forms w hich a re  d e r iv a b le  from th e  p r i n c i p a l  
c l a s s  o f  d e s c r im in a n t  d by t r a n s f o r m a t io n s  o f  d e t e r ­
m in an t pn  , f o r  an odd prim e p and p o s i t i v e  i n t e g e r  
n  . A gain , by r e p e a te d  a p p l i c a t i o n  o f  Theorem 2 .1 ,  we 
f i n d  t h a t  th e  c l a s s e s  d e r iv a b le  from th e  p r i n c i p a l  c l a s s  
o f  d i s c r i m in a n t  d = -4m a r e  th e  c l a s s e s  o f  th e  form s,
I ( p n >pn j a )  f o r  a  = 0 , 1 , • • * ,pn - l  
I ( p ” .P n _ 1 .P )  f o r  P = -  1
(2 .1 4 )
I ( p n *P.Y) f o r  Y--= 0 ,1 ,  •• • > p - l
I ( p n ,X ,0 )
where l ( p  ,p  , a )  d en o te s  th e  form o b ta in e d  by a p p ly in g
th e  t r a n s f o r m a t i o n
r  kP a
U  pn - '
to  th e  p r i n c i p a l  form
I  = [ l , 0 ,m ]  . We w i l l  ad o p t  t h i s  n o t a t i o n  f o r  th e  r e ­
m ainder  o f  t h i s  c h a p te r .
Theorem 2 .1 5 .  I f  d = -4m w i th  m > 1 and p i s  an
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odd p r im e , th e n  th e  p r i m i t i v e  c l a s s e s  among
I ( p n , p k , a )  , a  = 0 , 1 , • • • , p k -  1 
I ( p n ,P k_1^ )  , P = 0 ,1 ,  • • • , p k ’*1 -  1
i ( p n , p , y )  > Y = 0 , l , - - * , p - l  
i ( p n , i , o )
w here k  < n  , form  a  c y c l i c  g ro u p , u n d er  c o m p o s i t io n ,  
h a v in g  o r d e r  p . F u r th e r ,  e a ch  p r i m i t i v e  c l a s s  o f  
th e  ty p e  I ( p n , p k ,>a) h as  o r d e r  pk  .
P r o o f . We f i r s t  n o t i c e  t h a t  th e  c l a s s e s  o f  th e  ty p e  
l ( p n , p k , a )  compound a s  f o l lo w s ,
{ ' I , r \  k  .. v 
1(P jP  >y) H_ori(n -k )
where y s  a+p  (mod p ) ,
i f  a+P jd 0 (mod p)
1 (pn #pkj a )  * l ( p n >Pk >0) =
( 2 . 1 6 )
1 (n-k)
where Y &
<2± £  
P
(mod p ^ 1 ) ,
V i f  a+P = 0 (mod p) b u t  a+p 4  0 (mod p 2 ) .
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T h is  fo rm u la  i s  o b ta in e d  by o b s e rv in g  t h a t  i n  case  
a+P ^  0 (mod p) ,
Z1 = + ( P - V ) ^  + (a-Y)x2y1 + fl&.-gp2..T k)-Y(°-+P)Xay2
P
z 2 = Pkx 1y 2 + Pkx 2y x + (a+P)*2y2
y.
i s  a  G au ss ian  s u b s t i t u t i o n  t a k in g  I ( p  ,p  , y ) i n t o  th e  
p r o d u c t  o f  I ( p n , p k .»a) and I ( p n , p k ,p )  where th e  x ' s  , 
y ’ s and z ' s  a r e  th e  v a r i a b l e s  a s s o c i a t e d  w i th  th e  forms 
1 (pn jP k *a) * I ( p n *Pk *P) and I ( p n >Pk jY) r e s p e c t i v e l y .
p
A lso  i n  c a se  a+p a 0 (mod p) b u t  a+p £  0 (mod p ) ,
k + 1  Op - 2 p 2  (n-fc) -Y ( ^ 6 .)
z± = p x 1y 1+ (p p -Y )x 1y 2+ (p a -Y )x 2y 1H------------2—  * 2y 2
P
z 2  = pk _ 1  x ±y 2 + p 1^ 1  x2y 1 + (•s^ ) x 2 y 2
i s  a  G a u ss ia n  s u b s t i t u t i o n  t a k in g  I ( p n , p k ’"'LjY ) i n t o  th e
p ro d u c t  o f  l ( p n , p k , a )  amd I ( p n , p k ,P )  , where th e  x ' s  , 
y ' s  and z ' s  a r e  th e  v a r i a b l e s  a s s o c i a t e d  w i th  th e  forms 
X(pn *Pk j a )  , I ( p n ,p k ,P )  and I ( p n ,p k “\ Y )  r e s p e c t i v e l y .
I t  sh o u ld  be n o te d  t h a t  fo rm u la  (2 .1 6 )  does n o t  c o v e r  a l l  
c a s e s 5 how ever, i t  w i l l  s u f f i c e  f o r  th e  p r o o f  o f  t h i s  
th eo rem .
We p ro c e e d  w i th  th e  p r o o f  o f  Theorem 2 .1 5  by in d u c ­
t i o n  on k  . I f  k  = 1 , t h i s  group c o n s i s t s  o f  th e
i \ np r i m i t i v e  c l a u s e s  .-imong I ( p  , 1 , 0 )  , l ( p  , p , a )  , f o r
a  = 0 , 1 , .  These c l a s s e s  a r e  e x a c t l y  th o s e  d e­
r i v a b l e  from th e  p r i n c i p a l  c l a s s  o f  d i s c r i m in a n t  dp2 n^ “"1'^ 
by i n t e g r a l  t r a n s f o r m a t i o n s  o f  d e te rm in a n t  p . Thus, 
from Theorem 2 .1 2 ,  th e  group  i s  c y c l i c  o f  o r d e r  p .
Now ta k e  k  < n  and assume th e  theorem  i s  t r u e  f o r  
k -1  . There w i l l  be p ^ - ^ + (p ^ -  pk_1 ) = pk  p r i m i t i v e  
c l a s s e s .  Hence, th e  g roup  w i l l  have o r d e r  p . Prom 
fo rm u la  (2 .1 6 )  we f i n d  t h a t  th e  n t h  power o f  th e  c l a s s  
l ( p n jP'fcj l )  u n d e r  c o m p o s i t io n  i s  g iv e n  by
[ I ( p n , p * , l ) ] n = I ( p n , p k ,Y ) , Y * (mod p)
where A and B a r e  p o ly n o m ia ls  i n  p , and o f  c o u r s e ,
assum ing  n-B 0  0 (mod p )  . I t  i s  a l s o  c l e a r  t h a t  p |B  ,
ITl Idand th u s  n  = p i s  th e  l e a s t  power o f  l ( p  ,p  , 1 )  w hich
g iv e s  a  c l a s s  o f  th e  ty p e  l ( p  , p  , a )  . Hence,
[ l ( p n ,p lc, l ) ] ' P has  o r d e r  pk_^ and from t h i s  i t  f o l lo w s
n  l r  l r
t h a t  I ( p  ,p  , 1 )  h as  o r d e r  p , th e  o r d e r  o f  th e  g ro u p .
F i n a l l y  t h e r e  a re  pk “1 ( p - l )  = 0 (p k ) p r i m i t i v e  c l a s s e s  
o f  th e  ty p e  l ( p n ,p k , a )  > and s in c e  t h e r e  a r e  0 (p k ) 
g e n e r a t o r s  o f  t h i s  g ro u p , i t  fo l lo w s  t h a t  e a c h  p r i m i t i v e  
c l a s s  o f  th e  ty p e  I ( p n , p k , a )  has  o r d e r  pk  . T h is  com­
p l e t e s  th e  p r o o f  o f  Theorem ( 2 .1 5 ) .
Theorem 2 .1 7 .  L e t  d = -4m , m > 1 ,  and  p an odd
prim e such t h a t  p J( d . The p r i m i t i v e  c l a s s e s  o f  
b in a r y  q u a d r a t i c  form s d e r iv a b le  from  th e  p r i n c i p a l  c l a s s  
o f  d i s c r i m in a n t  d by i n t e g r a l  t r a n s f o r m a t i o n s  o f  d e ­
t e r m in a n t  pn  , form  a  c y c l i c  group u n d e r  c o m p o s i t io n .
"i j
The o r d e r  o f  t h i s  group  i s  p ” (p -  (“ ) ) .Jr
P r o o f . W ith  th e  n o t a t i o n  p r e v i o u s l y  i n t r o d u c e d  we a re  
c o n s id e r in g  th e  group o f  p r i m i t i v e  c l a s s e s  among,
I ( p n jP n j a )  , a =  0 ,1 ,  • • • , p n  -  1 
i ( p n , p n ~ \ e )  » P = 0 , 1 , -  1
I ( p n »P»Y) , Y = '0 , 1 ,  
l ( p n , l , 0 )  .
I t  fo l lo w s  by r e p e a t e d  a p p l i c a t i o n  o f  Theorem (2 .1 )  t h a t
„  1 d
th e  o r d e r  o f  t h i s  group  i s  p " (p -  (--)) .
Prom Theorem (2 .1 5 )  we know t h a t  th e  p r i m i t i v e  
c l a s s e s  among,
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L(pn , r n_1 , a )  ,  a  -  0 , 1 , . . . , pH - 1  -  1
I ( p n ,p n “2,p )  , e = 0 , 1 , . . . , p n "* -  1n -2
(P jP jY ) » Y — 0 , 1 , * * . , P “1
i ( p n, i , o )
n - 1 , and t h a t  e a c h  c l a s s  
n -1
form a  c y c l i c  group o f  o rd e r  p' 
o f  th e  ty p e  l ( p n ,p n ’' 1 , a )  has  o r d e r  p
F o llo w in g  th e  p ro c e d u re  u s e d  b e f o r e ,  we f i n d  t h a t  th e  
p ro d u c t  u n d e r  c o m p o s it io n  o f  c l a s s e s  o f  th e  ty p e  
I ( p n , p n , a )  i s  g iv e n  b y ,
/ l ( p n .p n ,Y )
w here y s  (raod Pn )
I ( p n ,p n , a )  * I ( p n ,p n ^ )  = i  
( 2 . 1 8 )
i f  a+P ^  0 (mod p)
I ( p n ,p n "1 ,Y)
where y s  (mod pn - 1 )
P
i f  a+P = 0 (mod p) 
b u t ,  a+p ^  0 (mod p 2 ) .
To v e r i f y  (2 .1 8 )  we s im p ly  n o t i c e  t h a t  i n  ca se  a+P ^  0 
(mod p) th e  b i l i n e a r  s u b s t i t u t i o n ,
20
n ~®“Y ('^ n ^ )^  = P x1y 1 + (p-Y)xiy 2  + ( a - Y j x ^  + ---------- - E —
P
z 2 = P ^ Y g  + Pnx2y l  + (a+P)x 2y2
i s  a  G a u ss ian  s u b s t i t u t i o n  w hich  t a k e s  I ( p n ,p n >Y) i n t o  
th e  p ro d u c t  o f  l ( p n .,pn .,a) and I ( p n ^pn ^P) . L ik e w is e ,  
i f  a+P = 0 (mod p) b u t  a+P £  0 (mod p 2 ) , th e n  th e  
b i l i n e a r  s u b s t i t u t i o n ,
n  1 cxp-m-Y
ZX -  p '  x Xy X + (PP-y )x l y 2 + (P ° -Y)x 2 y x + ---------  n - 1  x 2y 2
«n-l „ , „n-l „ , g+p v „
z2 "  p x l y 2 P x 2 1 p 2 2
i s  a  G a u ss ia n  s u b s t i t u t i o n  w hich  t a k e s  I ( p n ,p n ~^,»Y) 
i n t o  th e  p ro d u c t  o f  I ( p n ,p n *a) and I ( p n jp n jP )  .
We w i l l  now use  (2 .1 8 )  t o  show t h a t  th e  .1t h  power 
u n d e r  c o m p o s i t io n  o f  a  c l a s s  o f  th e  ty p e  I ( p n >pn , a )  i s  
g iv e n  by th e  fo rm u la ,
(2 .1 9 )  [ I ( p n ,p n , a ) ] J = I ( p n , p n ,Y) ,
Y -  (s t £ )..l ± . I g =-9- 4  • e (mod pn )
(a + 0 )J -  ( a - 6 ) J
p r o v id e d  (a+9)^  -  ( a -0 )^  ^  0 (mod p) . To v e r i f y  t h i s
fo rm u la  we u se  i n d u c t io n  on ' j '  . I f  j  = 2 ,
[ I ( p n ,p n , a ) ] 2 = I ( p n ,p n ,Y) w i th
Y 5 S .(a+p) + ..(°rff.).. . 6 (mod pn ) . Talcing (2 .1 9 )
2a (a+ 9 )2 -  ( a - 9 ) 2
t o  be t r u e  f o r  j -1  _, we see  t h a t
[ I ( p ’\ p n , a ) ] J = I ( p n ,p n ,o )  * [ I ( p n ,p n , a ) ] J 1 = I ( p n ,p n ,Y)
t t [ ( a +6 ) J - J - + ( a - d ) J - j -  . 8] .  „
where Y .  (a+9 ) J - X -  ( d - e ) J - ,X ----------  .
i J " 1 4- frv-GW-1a  + c ( a + 6 ) <  + (a -9 )^ ~  . e ]  .
(a+e)J-x - (o-e)J"x
s .(,a+9)J..t,itt-ejl . g {mo& n} _ 
(a + 6 )J -  ( a - 8 ) J
Thus 2 .1 9  h o ld s .  A lso , from (2 .1 8 )  and (2 .1 9 )  i t  fo l lo w s  
t h a t  [ I ( p n ,p n , a ) ] J w i l l  be o f  th e  ty p e  I ( p n ,p n ~1, a )  
when (a+9)*^ -  ( a -0 )^  = 0 (mod p) . W ith  t h i s  i n  mind, 
we would l i k e  to  f i n d  a  c l a s s  o f  th e  ty p e  l ( p n , p n , a )  
whose [p  -  (—) ] —  power u n d e r  co m p o s it io n  i s  o f  th e  ty p e  
I ( p n ,p n ~'L,Y ) , b u t  no s m a l le r  power i s .
j  p
Case (—) = 1 . I n  t h i s  ca se  th e  congruence x = d (mod p) 
---------- E---------
has  a  s o l u t i o n  and th u s  x s  -m (mod p) i s  a l s o  s o lv a b le .
2
L e t p be such  an i n t e g e r ,  i . e . ,  p = -m (mod p) .
S e l e c t  a  p r i m i t i v e  r o o t  a o f  p w i th  th e  p r o p e r ty  t h a t  
ap -1  ^  1 (mod p 2 ) , i . e . ,  ap_1 = 1 (mod p) b u t  
a5 -1  £  1 (mod p 2 ) , see  [ 4 ,  p .  1 9 ] .  L e t
22
04-1
a o s  ' p (mod p ) 9 'tl:ien
(a Q+ p )p_1 - (o0 -  p )p_1 h ( |± 1  • p + p )p - ^  -  ( | j £  . p - p ) 5 ' 1
e 0 (mod p)
?£ 0 (mod p 2 ) .
A lso ,  s in c e  a was s e l e c t e d  a s  a  p r i m i t i v e  r o o t  o f  p , 
i t  f o l lo w s  t h a t  ( ccQ+ P )k  -  ( a 0 -  P)k £  0 (mod p) f o r
k  < p -1  . Hence [ I  (pn , pn , aQ) ]£"**• i s  o f  th e  ty p e
l ( p n ^pn \ y ) and has  o r d e r  pn """L . F u r t h e r ,  (p -1 )  i s
th e  s m a l l e s t  power o f  l ( p n ,p n , a Q) w hich  h as  o r d e r  pn_1 ,
th u s  th e  o r d e r  o f  l ( p n jp n , a 0 ) i s  pn - 1 ( p - l )  = pn - 1 (p -  (
j
Case (—) = -1  . I n  t h i s  c a se  we need t o  make u se  o f  th e
P ....
f o l lo w in g  lemma.
Lemma 2 . 1 7 . 1 . In  th e  q u a d r a t i c  f i e l d  Q(0) , where
6  = v ^ T , d = -^m , and (—) = -1  , t h e r e  e x i s t  e le m e n ts  
p , w i th  N(p) = 1 , such  t h a t  p+1 i s  th e  l e a s t  e x ­
p o n e n t  where pp+^ = 1 (mod p )  .
j
P ro o f  o f  lemma. S in ce  (—) = -1  , th e n  (p) i s  a  prim e 
i d e a l  i n  th e  r i n g  o f  i n t e g e r s  J  o f  Q(0) . Thus J / ( p )  
i s  a  f i e l d  c o n ta in in g  p 2 e le m e n ts ,  and th e  m u l t i p l i c a -  




L o t a  lio a  g e n e r a to r  o f  t h i s  group  and s e t  0 = ap ”^ . 
Then 3 has  o r d e r  p+1 , and N(p) = N(aP_1) = [ N ( a ) ] P " 1 . 
S in ce  ( N (a ) ,p )  = 1 F e r m a t 's  theo rem  g iv e s  
N(p) = [ N ( a ) ] p *"‘L s  1 (mod p) , w hich  p ro v e s  th e  lemma.
L e t p be chosen  as  i n  th e  lemma above , and r e q u i r e  
t h a t  pp+1 1 (mod p 2 ) . T h is  can  be done, s i n c e ,  i f  
pP+^ = l  (mod p 2 ) , r e p l a c i n g  p w i th  p+p g iv e s  th e  
d e s i r e d  p r o p e r t i e s .  Choose a Q s  • 0 (mod p) . 
E x p re s s in g  p = bQ + b^0 , w here bQ and b^ a r e  r a ­
t i o n a l  i n t e g e r s ,  we f i n d ,
2mb i « /  _ \ _ -1
a 0 s  N ( p - l )  + n (p -1 )  * 6  (mod p ) *
S in c e  N (p ) -1  s 0 (mod p) , th e n  a 0 i s  a  r a t i o n a l  i n ­
t e g e r  modulo p . T h is  ca se  now fo l lo w s  i n  th e  same manner 
a s  th e  p r e v io u s  one, i . e . ,  we f i n d  t h a t  I ( p n , p n , a 0 ) has  
o r d e r  pn - '1'( p + l )  = pn ""'I‘(p -  ( ^ ) ) • T h is  c o m p le te s  th e  
p r o o f  o.f Theorem 2 .1 7 .
I n  t h e ’ p r e v io u s  theo rem  we c o n s id e r e d  o n ly  th e  ca se  
w here p ^ d . We now remove t h i s  r e s t r i c t i o n  and 
exam ine th e  s i t u a t i o n  o f  Theorem 2 .1 7  when p | d . F i r s t ,  
th e  o r d e r  o f  th e  group i s  pn ”*L(p -  ( ^ ) ) = pn  . A lso , 
s in c e  e q u a t io n s  (2 .1 8 )  and (2 .1 9 )  h o ld  when p | d we 
have ,
[ l ( p n .>pn .>l)] = I ( p n ^pn ^y) w i th
(2 .2 0 )  ( 1 + 0 ^  + f l - 0 ^Y = (A+g) + I1 "9 ? . 0  (mod p)
( i+0 )J - ( i - 0 ) J
p ro v id e d  (1 + 0 )J -  (1 -0 )^  £  0 (mod p) . Of p a r t i c u l a r  
i n t e r e s t  i s  th e  den o m in a to r  in . th e  above e x p r e s s io n  f o r  
Y when j  = >p . I n  f a c t ,  i f  j  = p we g e t ,
(g) + (I)(S)2 + ••• + (p^xs)5"1 ,
Y = -rr  ------- 5 ----------------- 2 -= --- =-—j------  (mod p )  .
(? )  + ( f ) ( e ) 2 + • • •  + ( ^ ( s ) 1” 1
The d en o m in a to r  i n  t h i s  e x p r e s s io n  f o r  y i s  c l e a r l y
p
c o n g ru e n t  t o  ze ro  modulo p ; h e n c e ,  [ I ( p n , p n , 1 ) ]  
w i l l  be o f  th e  ty p e  I ( p n , p n_1 ,Y) , e x c e p t  i n  th e  c a se
(?) + (?)(S)2 + ( | ) ( S ) 4 + ••• + ( p t e ) 5 "1 -  0 .
I f  t h i s  h ap p en s , th e n
E l l  £ - 1
P = (§)m -  (I)* 2 ~ •• -  (p_2 ) ( ' m) 2 " ( p ) (" m) 2 >
w hich  im p l ie s  t h a t  m J p , o r  t h a t  m = p i s  th e  o n ly
p o s s i b l e  s o l u t i o n .  However, i f  m = p > 3 , th e n  th e
above e q u a t io n  y i e l d s  a  n o n - t r i v i a l  f a c t o r i z a t i o n  o f  a
p r im e .  Thus, th e  o n ly  s o l u t i o n  i s  m = p = 3 . I n  t h i s
2 3
ca se  [ I ( 3 n , 3 n , l ) ]  = l ( 3 n , 3 n , - l )  and  [ l ( 3 n , 3 n , l ) ]  =
= I ( 3 n , l , 0 )  , th e  p r i n c i p a l  c l a s s ,  so t h a t  I ( 3 n ,3 n , 1)
huts o r d e r  3 and th e  g roup  i s  th e  d i r e c t  p ro d u c t  o f  a  
c y c l i c  g roup  o f  o r d e r  3 and  a  c y c l i c  g roup  o f  o r d e r
v i  1
3 "* . Sum m arizing th e  r e s u l t s  o f  t h i s  d i s c u s s io n  g iv e s
th e  f o l lo w in g  theorem :
Theorem 2 . 2 1 . L e t  d = -4m , m > 1 , and p an odd 
p rim e  su ch  t h a t  p | d . E x cep t i n  th e  ca se  m = p = 3 , 
th e  p r i m i t i v e  c l a s s e s  o f  b in a r y  q u a d r a t i c  form s d e r iv a b l e  
from th e  p r i n c i p a l  c l a s s  o f  d i s c r i m i n a n t  d by i n t e g r a l  
t r a n s f o r m a t i o n s  o f  d e te r m in a n t  pn , form a  c y c l i c  group 
h a v in g  o r d e r  pn  . I n  th e  e x c e p t i o n a l  c a se  m = p = 3 , 
th e  g roup  i s  th e  d i r e c t  p r o d u c t  o f  a  c y c l i c  g roup  o f  
o r d e r  3 and a  c y c l i c  g roup  o f  o r d e r  3
Up t o  t h i s  p o i n t  we have c o n s id e r e d  o n ly  th e  odd 
p r im e s .  I f  we ta k e  p = 2 and a p p ly  t r a n s f o r m a t i o n s  o f  
d e te r m in a n t  2 t o  I  = [ l , 0 , m ]  w i th  m > 1 , th e  d e ­
r i v e d  c l a s s e s  a r e ,
1 ( 2 , 1 , 0 )  = [1 ,0 ,4 m ]
1 ( 2 , 2 , 0 )  = [4 ,0 ,m ]
I ( 2 , 2 , 1 )  = [ 4 , 4 ,m +l] .
I n  c a se  ra i s  e v e n , th e n  I ( 2 ,1 ,0 )  and I ( 2 ,2 ,1 )  a re  
p r i m i t i v e  c l a s s e s .  I f  m i s  odd, th e n  I ( 2 ,1 ,0 )  and 
I ( 2 ,2 ,0 )  a r e  p r i m i t i v e  c l a s s e s .  Thus i n  e i t h e r  c a s e ,
th e  p r i m i t i v e  d e r iv e d  c l a s s e s  form a  c y c l i c  group o f  o r d e r
2 . I f  we a p p ly  i n t e g r a l  t r a n s f o r m a t i o n s  o f  d e te rm in a n t  
2n  we f i n d  t h a t  th e  argum ent o f  Theorem 2 .2 1  a p p l i e s ,  
so  t h a t  th e  d e r iv e d  c l a s s e s  form a  c y c l i c  group h a v in g  
o r d e r  2n  . Combining t h i s  w i th  Theorems 2 .1 7  and 2 .2 1  
we have th e  fo l lo w in g :
Theorem 2 .2 2 . L e t d = -4m w i th  m > 1 . The group o f  
p r i m i t i v e  c l a s s e s  o f  b i n a r y  q u a d r a t i c  forms d e r iv a b le  from 
th e  p r i n c i p a l  c l a s s  o f  d i s c r i m in a n t  d by i n t e g r a l  t r a n s ­
fo rm a t io n s  o f  d e te r m in a n t  pn  f o r  any prim e p , i s  g iv e n  
by one o f  th e  fo l lo w in g :
( i )  The d i r e c t  p r o d u c t  o f  a  c y c l i c  group  o f  o r d e r
n 13 and a  c y c l i c  g roup  o f  o r d e r  3 i n  ca se  
m = p = 3 .
( i i )  A c y c l i c  g roup  o f  o r d e r  2n  i f  p = 2 .
y. *1 J
( i i i )  A c y c l i c  group  o f  o r d e r  p " (p -  (—))  .
Jr •
F i n a l l y  we c o n s id e r  th e  p r i m i t i v e  c l a s s e s  o f  b in a r y  
q u a d r a t i c  form s d e r iv a b le  from th e  p r i n c i p a l  c l a s s  o f  
d i s c r i m in a n t  d by i n t e g r a l  t r a n s f o r m a t i o n s  o f  d e .te r -
e l  e 2 enm in a n t s = p ^  • p^  ..................pn“  . A gain  we impose th e
r e s t r i c t i o n  d = -4m w i th  m > 1 . As b e fo re  we w i l l  
u se  th e  n o t a t i o n  I ( s , p  , a )  t o  r e p r e s e n t  th e  c l a s s  ob­






i s  a p p l i e d  t o  I  = [ l , 0 ,m ]  . To d i s c o v e r  th e
o r d e r  o f  t h e  group o f  p r i m i t i v e  c l a s s e s  d e r iv a b le  from
I  by t r a n s f o r m a t i o n s  o f  d e te rm in a n t
e T e e
s = P-l • P2 * • • • * Pnn  > we p i c t u r e  f i r s t  a p p ly in g
e lt o  I  i n t e g r a l ,  t r a n s f o r m a t i o n s  o f  d e te rm in a n t  p^  $ 
th e n  t o  e a c h  one o f  th e s e  p r i m i t i v e  d e r iv e d  c l a s s e s  a p p ly
e p
i n t e g r a l  t r a n s f o r m a t i o n s  o f  d e te rm in a n t  p 2 ; e t c .
Thus., th e  number o f  p r i m i t i v e  c l a s s e s  d e r iv a b le  from  I
e l  e 2 01by t r a n s f o r m a t i o n s  o f  d e te rm in a n t  s = p 1 • p 2 * • • • * Pn' 
w i l l  be ,
2ele , - l  , e c - l  dp,
£p l  <P1 -  • Cp 2 <P 2 " (p^------- )>] • • • •
p 1 2e l  -n 2en - le -1  dp, • • •  p„ ,
• • •  • (pn  -   p ^ ---- ) »  -
= (p e! r l ( p i  -  % ) > ]  •
. . .  [ P ^  (Pn  “ *
In c lu d e d  i n  the p r i m i t i v e  c l a s s e s  d e r iv a b le  from  I  
by i n t e g r a l  t r a n s f o r m a t i o n s  o f  d e te rm in a n t  s w i l l  be 
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Each <3(1^) i n  f a c t  th e  subgroup  o f  p r i m i t i v e  c l a s s e s  
d e r iv a b le  from th e  p r i n c i p a l  c l a s s  o f  d i s c r i m in a n t
e i  2  e id ( s / p i  ) by i n t e g r a l  t r a n s f o r m a t i o n s  o f  d e te r m in a n t  p^
e i  2e - 1  d ( s / P i  )
Thus C<(p,) has o r d e r  p., (p.*- (--------~------- ) )  =
1  1  Fi  s
e i ”l  d= p .  (p . -  (77- ) )  , and  i t s  s t r u c t u r e  i s  g iv e n  by 
1  1  p ^
Theorem 2 .2 2 .  I t  i s  c l e a r  t h a t  i f  i  ^  j  ,
C-CPi) fl <3(Pj) = 1 ( s ^1 j ° )  w hich  i s  th e  p r i n c i p a l  c l a s s ,
th u s  we g e t  th e  f o l lo w in g  theorem :
Theorem 2 . 2 5 . L e t d = -4m w i th  m > 1 . The group 
o f  p r i m i t i v e  c l a s s e s  o f  b in a r y  q u a d r a t i c  forms d e r iv a b le
from  th e  p r i n c i p a l  c l a s s  o f  d i s c r i m i n a n t  d by i n t e g r a l
e l  e 2 ent r a n s f o r m a t i o n  o f  d e te rm in a n t  s = p^  * P2 * • • •  * Pn
i s  th e  d i r e c t  p ro d u c t  (JCPj) ® C'iv2 ) ® *** ® *
where th e  g ro u p s  <3.(p^) a r e  g iv e n  by e q u a t io n  2 .2 4 .
CHAPTER III
As d i s c u s s e d  i n  C h ap te r  I  we w i l l  l e t  d eno te
th e  group  o f  p r i m i t i v e  c l a s s e s  o f  b in a r y  q u a d r a t i c  forms
h a v in g  d i s c r i m in a n t  d . A lso , w i th  h p -♦ d e -
ds 0
f i n e d  as  b e f o r e ,  we r e c a l l  t h a t  th e  k e r  (h) i s  th e
group  o f  p r i m i t i v e  c l a s s e s  d e r iv a b le  from th e  p r i n c i p a l
c l a s s  o f  d i s c r i m i n a n t  d by i n t e g r a l  t r a n s f o r m a t i o n s  o f  
d e te rm in a n t  s . Thus i n  ca se  d = -4m w i th  m > 1 , 
th e  s t r u c t u r e  o f  k e r  (h) i s  g iv e n  by Theorem 2 .2 5 .
I n  t h i s  s e c t i o n  we w i l l  c o n s id e r  th e  e n t i r e  c l a s s  
g roup  <3 ^ and a g a in  make r e s t r i c t i o n  t h a t  d = -4m w i th  
m > 1 . We f i n d  t h a t  th e  o th e r  c a s e s  can be red u c e d  t o  
t h i s  c a s e .  L e t <3 ^ and d en o te  th e  c l a s s  g ro u p s  o f
d i s c r i m i n a n t  d and 4d r e s p e c t i v e l y ,  and l e t  
h;<3 4 d -♦ <3d be th e  homomorphism d e s c r ib e d  i n  C h a p te r  I .
We know t h a t  k e r  (h) c o n s i s t s  o f  th e  p r i m i t i v e  c l a s s e s  
d e r iv e d  from th e  p r i n c i p a l  c l a s s  o f  d i s c r i m in a n t  d by 
i n t e g r a l  t r a n s f o r m a t i o n s  o f  d e te rm in a n t  2 . I f
d s  1 (mod 4) i t  fo l lo w s  t h a t  k e r  (h) i s  a  c y c l i c
30
group  o f  o r d e r  1  o r  3  a c c o rd in g  a s  d = 1  o r  5  
(mod 8) . F u r th e r  w C^d/ k e r  (h) , th u s  i t  i s  s u f f i ­
c i e n t  t o  c o n s id e r  o n ly  th e  ca se  d s  0 (mod 4) . I n  
f a c t ,  i f  d = -4  we have -» and th e  k e r  (h)
c o n s i s t s  o f  th e  p r i m i t i v e  c l a s s e s  d e r iv a b l e  from  th e  c l a s s  
o f  [ 1 , 0 , 1 ] by i n t e g r a l  t r a n s f o r m a t i o n s  o f  d e te rm in a n t  2  
The d e r iv e d  c l a s s e s  a r e  th o s e  o f  th e  fo rm s, [ 1 , 0 , 4 ] ,  
[ 4 , 0 , 1 ]  , and [ 4 , 4 , 2 ]  . B u t ,  [ 1 , 0 , 4 ]  ~  [ 4 , 0 , 1 ]  and 
[ 4 , 4 , 2 ]  i s  im p r im i t iv e ,  th u s  k e r  (h) i s  t r i v i a l  and 
• T h e r e f o r e ,  we n eed  o n ly  c o n s id e r  th e  c a se  
d = -4m w i th  m > 1 .
I t  i s  i n t e r e s t i n g  to  n o t i c e  t h a t  i f  th e  s t r u c t u r e
o f  th e  c l a s s  group  <3 P i s  known, th e n  from th e  homo-
ds
morphism h:<3 P -* <3, we g e t  (3, pa <3 P/ k e r  (h) , w i th
ds a a  ds
th e  s t r u c t u r e  o f  k e r  (h) g iv e n  by Theorem 2 .2 5 .  From 
t h i s  we have th e  fo l lo w in g  th eo rem .
Theorem 3 . 1 . I f  d = -4m w i th  ra > 1 , and  th e  s t r u c ­
t u r e  o f  <3 P i s  known, th e n  <3. »  <3 p/ k e r  (h) w i th
ds a  ds
th e  s t r u c t u r e  o f  k e r  (h) g iv e n  by Theorem 2 .2 5 .
At t h i s  p o i n t ,  I  w ant to  g iv e  a  co u p le  o f  r e s u l t s  
a b o u t  f i n i t e  a b e l i a n  g ro u p s .
Theorem 3 . 2 .  L e t A and  B be f i n i t e  a b e l i a n  g ro u p s
and h:A -» B , a  homomorphism o n to  B . F u r t h e r , l e t
be a  s e t  o f  in d e p e n d e n t  e le m e n ts  i n  B and 
{a-j^ • • • j a n ) a  s e t  o f  e le m e n ts  i n  A such  t h a t  h ( a i ) = 
= p^  ^ f o r  i = l ,  • • • , n  and o r d e r  ( a i ) = o r d e r  ( p ^  f o r  
i = l , • • * , n - l  . Then, {ot , *‘ **an ) i s  811 in d e p e n d e n t  
s e t  i n  A .
r ,  r
P r o o f . I f  • . . .  • ann  = e ^  , th e  i d e n t i t y  o f  A ,
z* z* z* r
th e n  htcuj1  • . . .  • a j 1) =. p ^  • . . .  • Pnn = eB , th e
i d e n t i t y  o f  B . S in ce  th e  s e t  o f  P 's  a r e  in d e p e n d e n t ,
i t  fo l lo w s  t h a t  r ^  i s  a  m u l t i p l e  o f  th e  o r d e r  o f  p^
f o r  e a c h  i = l , » * « , n  . A lso , o r d e r  (a^ )  = o r d e r  (p^)
f o r  i = l , • • • , n - l  so t h a t  r ^  i s  a  m u l t i p l e  o f  th e
o r d e r  o f  f o r  i = l , * * * , n - l  . I t  now f o l lo w s  t h a t
r
an = e ^  and th u s  {cxj, •**^an ) 3-s 811 in d e p e n d e n t  s e t .
Theorem 3 . 3 . I f  G i s  a  f i n i t e  a b e l i a n  g ro u p , th e n  th e
s t r u c t u r e  o f  G i s  d e te rm in e d  i f  th e  o r d e r  o f  G i s
known and th e  s t r u c t u r e  o f  th e  subgroup  o f  p t h  pow ers
i s  known, f o r  some prim e p .
e- e
P r o o f . L e t  G (p., ) ® ® (p ) be th e  c y c l i c  d e -
e ic o m p o s i t io n  o f  G , where (p^ ) d e n o te s  th e  c y c l i c
e i
group  o f  o r d e r  p^ . The subgroup o f  p t h  pow ers w i l l
e l  P en  Pbe* Gp ^  (p^ ) 0  • • •  ® (pn  ) w here we n o t i c e  t h a t
e . P e» e P e *»i
( P ^ )  »  (P-j1 ) i f  P 4  P± and ( p ^ )  m (p ^ 1  ) i f
p = p^ . I t  now fo l lo w s  t h a t
e — X 0  e e
GP «  (p /  ) ® • * • ® (Pkk  ) ® (P fcS 1 ) ® * • * ® (Pnn )
where we have a r r a n g e d  th e  f a c t o r s  so t h a t  
p = p-  ^ = • • • = Pk  and P 4  P^  ^ f o r  i  > k  . I t  i s  now 
c l e a r  t h a t  knowing th e  o r d e r  o f  G and th e  c y c l i c  d e ­
c o m p o s i t io n  o f  G^ g iv e s  th e  c y c l i c  d e c o m p o s it io n  o f  G .
I t  sh o u ld  be n o te d  t h a t  i n  th e  group , o f  p r i ­
m i t iv e  c l a s s e s  o f  b in a r y  q u a d r a t i c  forms o f  d i s c r i m in a n t  
d , th e  c l a s s e s  t h a t  c o n s t i t u t e  th e  p r i n c i p a l  genus a r e  
th e  s q u a re s  o f  th e  c l a s s e s  i n  j t h u s ,  i n  v iew  o f  
Theorem 3 .3  th e  s t r u c t u r e  o f  c<d w i l l  be d e te rm in e d  i f  . 
and  o n ly  i f  th e  s t r u c t u r e  o f  th e  p r i n c i p a l  genus i s  d e ­
te rm in e d .
The p rob lem  now i s  t o  d e te rm in e  th e  s t r u c t u r e  o f  .
th e  c l a s s  group  <*, 0 , assum ing  th e  s t r u c t u r e  o f  th e
ds
group  i s  known. L e t us  c o n s id e r  th e  ca se  o f  Q, 2
dp
f o r  an odd prim e p and o f  co u rse  assum ing  d = -4m w i th
m > 1 . I f  we a re  a b le  t o  make th e  s t e p  from to
C, p , we can  c o n t in u e  t o  add one prim e a t  a  tim e  u n t i l
dp
34
we f i n a l l y  r e a c h  <3 Q •
ds
For th e  moment c o n s id e r  th e  ca se  where <3^  has  a  
s i n g l e  c l a s s  i n  e a c h  g e n u s .  T h is  means t h a t  th e  p r i n ­
c i p a l  genus c o n s i s t s  o f  o n ly  th e  p r i n c i p a l  c l a s s  I  .
A lso ,  we know t h a t  th e  p r i m i t i v e  c l a s s e s  among l ( p , l , 0 )
and I (p * p > a )  f o r  a  = 0 , 1 , • • • , p - l  , form a  c y c l i c  su b -
j
group  o f  c- 9  h av in g  o r d e r  p -  (^) .
dp p
Case p | d  . I n  t h i s  c a s e ,  c P ^ a s  th e  same number o f
dp
g e n e ra  a s  > and  th u s  e a c h  genus o f  <3 2 roust con - 
dt a i n  p -  (—) s= p c l a s s e s .  T h is  im p l ie s  t h a t  th e  p r i n ­
c i p a l  genus i n  O' o c o n t a in s  e x a c t l y  th o s e  p r i m i t i v e
c l a s s e s  d e r iv e d  from  th e  p r i n c i p a l  c l a s s  I  . The p r i n ­
c i p a l  genus o f  c, p I s  th u s  c y c l i c  o f  o r d e r  p .
a-p
Case p^d . I n  t h i s  c a se  fl, p has tw ic e  as  many g e -
dp
n e r a  a s  , and  e a c h  genus o f  £  2 cont a i n s
p -  (* ) dp
— 2 — 2— c l a s s e s .  L e t  I ( p ,p * a )  d en o te  a  g e n e r a to r  o f  
th e  c y c l i c  subgroup  o f  p r i m i t i v e  c l a s s e s  d e r iv e d  from  I  .
p
Then [ l ( p , p , a ) ]  w i l l  be i n  th e  p r i n c i p a l  genus o f
P “ (—)
(3 2  and  h as  o r d e r  — 5 — 2— . T h e r e f o r e ,  t h e  p r i n c i p a l
^  p -  (—)
genus o f  (3 P i n  t h i s  c a s e  i s  c y c l i c  o f  o r d e r  — 5 — 2 — . 
dp d
We have p ro v e d  t h e  f o l lo w in g .
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Theorem 3 . }h  I f  has a  s i n g l e  c l a s s  in  e a c h  genus ,
th e n  th e  p r i n c i p a l  genus o f  <3 o i s  a  c y c l i c  group
1 d dPhaving order p or —(p -  (—)) according as p |d  or 
P  ^ d , where p i s  any odd prime.
I n  view  o f  th e  d i s c u s s io n  fo l lo w in g  Theorem 3 . 3 ,  we
see  t h a t  t h i s  theorem  a c t u a l l y  d e te rm in e s  th e  s t r u c t u r e
o f  th e  c l a s s  group Q, 0 .
dp
Removing th e  r e s t r i c t i o n  on th e  number o f  c l a s s e s
i n  a g en u s , we r e t u r n  t o  th e  p rob lem  o f  f i n d i n g  th e
s t r u c t u r e  o f  <3 p i f  th e  s t r u c t u r e  o f  fl,. i s  known.
dp
We p ro c e e d  t o  s tu d y  th e  r e l a t i o n  betw een  th e  p r o d u c t ,
u n d er  c o m p o s i t io n ,  o f  c l a s s e s  i n  and th e  c o r r e s p o n d in g
d e r iv e d  c l a s s e s  i n  Q, 0 .
dp
Theorem 3 . 5 . L e t f  and g be p r i m i t i v e  b in a r y  qua­
d r a t i c  form s o f  d i s c r im in a n t  d , and p any p r im e .
Then g iv e n  a  and ff , t h e r e  e x i s t  Y such  t h a t
T Tb T [ 1  01
f  a  * g = ( f* g )  3  where T«> = Lo p j  811(1
Ta = [0 J] ■ a = .
P r o o f . F or any form f  we w i l l  d en o te  th e  c l a s s  o f  f
by [ f ]  . Then u s in g  th e  homomorphism h:C- 2  * ^ d  d e”
Ta  TBdp
s c r ib e d  i n  C h ap te r  I  we have , h ( [ f  * g ] )  =
T T
= [ f* g ]  • Thus [ f  a* g s h ”1 ( [ f * g ] )  ,  from  w hich
i t  fo l lo w s  t h a t  t h e r e  i s  a  Y e {°°,0 ,1 ,  • • • , p - l }  such
T T T
t h a t  f  a  * g P = ( f* g )  Y .
T
Theorem 3 . 6 . I f  [ f ]  i s  a  c l a s s  i n  w i th  [ f  a ] ,
T
a  c l a s s  i n  C- P > th e n  th e  o r d e r  o f  [ f  ] i s  a  
dp^
m u l t i p l e  o f  th e  o r d e r  o f  [ f ] .
T
P r o o f . L e t m d en o te  th e  o r d e r  o f  th e  c l a s s  [ f  a ] .
Then from th e  homomorphism h:fl. p "* we h a v e *
dp
ip m T m
[ I ]  = h ( [ f  a ] ) = [ h ( [ f  a ] ) ]  = [ f ] m and th u s  m i s  a
m u l t i p l e  o f  th e  o r d e r  o f  [ f ] .
W ith  th e s e  t o o l s  i t  was hoped t h a t  g iv e n  th e  s t r u c ­
t u r e  o f  a ,  we c o u ld  d e te rm in e  th e  s t r u c t u r e  o f  <3 0
a dp2
however, w i th  th e  e x c e p t io n  o f  th e  s p e c i a l  c a se  o f  
Theorem 3 . 4 ,  t h i s  rem a in s  u n s o lv e d .  I n  view  o f  Theorem 
3 .3  i t  seems n a t u r a l  t o  c o n c e n t r a t e  on th e  p r i n c i p a l  
g en u s ;  and , b a se d  on th e  exam ples I  have c o n s id e r e d ,  I  
c lo s e  w i th  th e  f o l lo w in g .
C o n je c tu r e . L e t  { [ , • • • , [ f n ] } be an in d e p e n d e n t  s e t
o f  g e n e r a to r s  f o r  th e  p r i n c i p a l  genus o f  th e  c l a s s  group 
C-£ , w i th  e^  th e  o r d e r  o f  3  and s e l e c t e d  so
t h a t  a j j a i + i  • Then t h e r e  e x i s t  i n t e g r a l  t r a n s f o r m a ­
t i o n s  Ti * “ ’ >Tn d e te r m in a n t  p su ch  t h a t  [ f ^  i ] 
i s  i n  th e  p r i n c i p a l  genus o f  & 0 where th e  o r d e r  o f
T ap2
[ f ^  ] e q u a l s  e^ f o r  i = l ,  • • • , n - l  and th e  o r d e r  o f
T e
[ f nn ] i s  en (p -  ( | ) )  o r  ^  (p -  ( | ) ) a c c o rd in g  a s
p |d  o r  p \  d . T h is  w i l l  im p ly  t h a t
T i Tn i s  an in d e p e n d e n t  s e t  o f  g e n e r a to r s
f o r  th e  p r i n c i p a l  genus o f  G o 3  and th u s  d e te rm in e s
dp*
th e  s t r u c t u r e  o f  Q, 0 ,
dP
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